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Vector meson dominance in η′ → pi0γγ decay
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The decay η′ → pi0γγ is studied theoretically in the framework of the Vector
Meson Dominance model (VMD). We find theoretically a significant contribution of
the interference of ω − ρ and provide theoretical Dalitz-plots.
Comparison with the experimental results of BES-III [1] is done. We find some
tension between our predicted value and the observed result.
Our calculations can be also checked using the data of GAMS-4pi.
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I. INTRODUCTION
Recently there were obtained a new experimental results [1, 2] on the probability of the
rare electromagnetic decay η′ → pi0γγ.
From the theory side, the preliminary estimations in the works [3, 4] on the decay width
show that the decay is dominated by the intermediate vector mesons ω and ρ subsequently
decaying into pi0γ, (Vector Meson Dominance model) 1. Contributions both of the chiral
loops and linear σ-terms are suppressed with respect to VMD on the level ∼ 10−3.
Nevertheless, in these theoretical papers, the role of the interference terms of VMD was
not considered.
Consequently, the decay η′ → pi0γγ is a unique among similar decays η → pi0γγ and
η′ → ηγγ, in which the Vector Dominance is manifested in an explicit and dominant way.
In the general case, the amplitude of the decay 1 is given by
A = (
cω
Dω(t)
+
cρ
Dρ(t)
)B(q2) + (
cω
Dω(u)
+
cρ
Dρ(u)
)B(q1) (1)
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FIG. 1: Leading order diagrams of η′ → pi0γγ decay
, where t = (Pη′ − q1)2, u = (Pη′ − q2)2, q1 and q2 - 4-momenta of outgoing photons, Pη′
- 4-momentum of η′ - meson, Dω,ρ(t, u) = (t, u) − imω,ρΓω,ρ – propagator of vector meson
(Breit - Wigner function). B(q1,2) are kinematic coefficients representing the spin structure
of the particles.
The constansts of electromagnetic decays are cω = gη′→ωγ · gω→pi0γ, cρ = gη′→ργ · gρ→pi0γ.
In our work they are determined in 2 ways
• From the known decay widths η′ → ωγ, η′ → ργ, ω → pi0γ, ρ→ pi0γ;
• Using the values of the pseudoscalar mixing angle from our previous work [5] and the
work [6]
Estimation made in the work by Escribano [3] predict the decay width to be
Γη′→pi0γγ = 1.29keV (2)
The experimental investigation [7] of the decay η′ → ωγ → pi0γγ was carried out.
The branching ratio of this decay was found to be
BR(η′ → ωγ) = (0.033± 0.004) (3)
Later, on the experiment GAMS-4pi the measured branching ratio was reported to be [2]
BR(η′ → ωγ) = 0.028± 0.003 (4)
In our work we neglect the contribution of the chiral loops and σ-terms taking into
account only VMD. We consider different values of the coupling constants, first, extracted
3from the decays which are known. Second, assuming OZI rule is strictly fulfilled and taking
the coupling constant from a known mixing angles.
Our theoretical predictions II are the following
• Although the coupling constants of ω and ρ mesons are approximately the same, since
ω has a much smaller width, it dominates and gives ≈ 75% of the contribution to the
integral over Dalitz-plot.
• The corresponding contribution of ρ - meson is ≈ 5%.
• Nevertheless, the contribution of ω − ρ interference is big ≈ 20%.
II. THEORETICAL PREDICTIONS
A. Matrix element
After the sum over polarization the amplitude squared of matrix element takes the form
Mfin = B(q2)B(q2)BW (t) + 2B(q2)B(q1)BWint +B(q1)B(q1)BW (u) (5)
, where BW (t, u) - amplitude squared of the Breit-Wigner function, BWint – interference
term constructed from Breit-Wigner functions, and B(q2)B(q2), B(q2)B(q1) and B(q1)B(q1)
- kinematic coefficients obtained after taking a sum over polarization of γ.
The decay width of vector mesons are taken from [8]. Moreover, in this work we consider
the decay width of the ρ - meson which depends on the energy.
In terms of 4-momenta the kinematic coefficients are given by
B(q2)B(q2) = (q1 · q2)2[(Pη′ · q2)2 + ((Pη′ · q2)−m2η′)2] + 2(Pη′ · q1)(Pη′ · q2)[(Pη′ · q1)(Pη′ ·
q2)−m2η′(q1 · q2)]
B(q2)B(q1) = (q1 · q2)2[3(Pη′ · q1)(Pη′ · q2) − 2m2η′((Pη′ · q1) + (Pη′ · q2) − m2η′)] + 2(Pη′ ·
q1)(Pη′ · q2)[(Pη′ · q1)(P · q2) + (q1 · q2)((Pη′ · q1) + (Pη′ · q2)− 2m2η′)]
B(q1)B(q1) = (q1, q2)
2[(Pη′ · q1)2 + ((Pη′ · q1) −m2η′)2] + 2(Pη′ · q1)(Pη′ · q2)[(Pη′ · q1)(Pη′ ·
q2)−m2η′(q1 · q2)]
, where Pη′ and ppi - momenta of η
′ and pi0 respectively, and q1,2 - momenta of outcoming
photons.
4Now we switch to Dalitz variables which are defined by: m13 = (q1 + ppi0)
2 and m23 =
(q2 + ppi0)
2.
Taking into account that Pη′ = ppi + q1 + q2, we find the products of 4-vectors in terms of
Dalitz variables:
(ppi ·q1) = m
2
13−m2pi
2
, (ppi ·q2) = m
2
23−m2pi
2
, (q1 ·q2) = m
2
η′+m
2
pi−m213−m223
2
, (Pη′ ·q1) = m
2
η′−m223
2
, (Pη′ ·
q2) =
m2
η′−m213
2
Now the kinematic coefficients take the form:
B(q2)B(q2) =
1
8
[
(m2η′ +m
2
pi−m213−m223)2(m4η′ +m413)+(m2η′−m213)(m2η′−m223)
(
m213m
2
23 +
m2η′(m
2
13 +m
2
23 − 2m2pi −m2η′)
)]
B(q2)B(q1) =
1
16
(m2η′ +m
2
pi −m213 −m223)2(m2η′(3m2η′ +m213 +m223) + 3m213m223) + 18(m2η′ −
m213)(m
2
η′ −m223)[(m213 +m223)2 +m213m223 −m4η′ −m2pi(m213 +m223 + 2m2η′)]
B(q1)B(q1) =
1
8
[
(m2η′ +m
2
pi−m213−m223)2(m4η′ +m423) + (m2η′−m213)(m2η′−m223)(m213m223 +
m2η′(m
2
13 +m
2
23 − 2m2pi −m2η′))
]
Breit-Wigner functions are given by:
BW (t, u) = c
2
ω
(m2ω−m213,23)2+m2ωΓ2ω +
c2ρ
(m2ρ−m213,23)2+m2ρΓ2ρ +
2cωcρ
(m2ω−m213,23)(m2ρ−m213,23)+mωΓωmρΓρ
((m2ω−m213,23)2+m2ωΓ2ω)((m2ρ−m213,23)2+m2ρΓ2ρ)
BWint = c
2
ω · (m
2
ω−m223)(m2ω−m213)+m2ωΓ2ω
((m2ω−m223)2+m2ωΓ2ω)((m2ω−m213)2+m2ωΓ2ω) + cωcρ[
(m2ω−m223)(m2ρ−m213)+mωΓωmρΓρ
((m2ω−m223)2+m2ωΓ2ω)((m2ρ−m213)2+m2ρΓ2ρ) +
(m2ρ−m223)(m2ω−m213)+mρΓρmωΓω
((m2ρ−m223)2+m2ρΓ2ρ)((m2ω−m213)2+m2ωΓ2ω) ] + c
2
ρ · (m
2
ρ−m223)(m2ρ−m213)+m2ρΓ2ρ
((m2ρ−m223)2+m2ρΓ2ρ)((m2ρ−m213)2+m2ρΓ2ρ)
, where t corresponds to m13 and u to m23 respectively.
1. Interference between ρ− ω
In order to understand our expression better, we split the matrix element in the form of
ρ− ω contributions
Mtotal = Mω + 2 ·Mω−ρ +Mρ
Mω,ρ = c
2
ω,ρ · [ B(q2)B(q2)(m2ω,ρ−m213)2+m2ω,ρΓ2ω,ρ +
B(q1)B(q1)
(m2ω,ρ−m223)2+m2ω,ρΓ2ω,ρ + 2B(q2)B(q1) ·
(m2ω,ρ−m223)(m2ω,ρ−m213)+m2ω,ρΓ2ω,ρ
((m2ω,ρ−m223)2+m2ω,ρΓ2ω,ρ)((m2ω,ρ−m213)2+m2ω,ρΓ2ω,ρ) ]
Mω−ρ = cω · cρ · [B(q2)B(q2) · ( (m
2
ω−m213)(m2ρ−m213)+mωΓωmρΓρ
((m2ω−m213)2+m2ωΓ2ω)((m2ρ−m213)2+m2ρΓ2ρ)) + B(q1)B(q1) ·
(
(m2ω−m223)(m2ρ−m223)+mωΓωmρΓρ
((m2ω−m223)2+m2ωΓ2ω)((m2ρ−m223)2+m2ρΓ2ρ)) + B(q2)B(q1) · (
(m2ω−m223)(m2ρ−m213)+mωΓωmρΓρ
((m2ω−m223)2+m2ωΓ2ω)((m2ρ−m213)2+m2ρΓ2ρ) +
(m2ρ−m223)(m2ω−m213)+mρΓρmωΓω
((m2ρ−m223)2+m2ρΓ2ρ)((m2ω−m213)2+m2ωΓ2ω))]
5In section II D we calculate the relative contribution of these terms.
B. Coupling constants
The coupling constants are not fixed uniquely and are the main source of theoretical
uncertainty.
1. Extraction from the known decays
First, we calculate them from the known decays, ω → pi0γ, ρ → pi0γ, η′ → ωγ, η′ → ργ,
the details of calculation are provided in V.
The decay width ω → pi0γ is given by
Γ(ω → pi0γ) = 1
3
· g2ω→pi0γ ·
(m2ω −m2pi)3
32pi ·m3ω
(6)
And the decay constant is g2ω→pi0γ = 0.484168GeV
−2.
Analogously, for a decay ρ→ pi0γ
Γ(ρ→ pi0γ) = 1
3
· g2ρ→pi0γ ·
(m2ρ −m2pi)3
32pi ·m3ρ
(7)
The corresponding decay constant is g2ρ→pi0γ = 0.0635057GeV
−2.
For the η′ → ωγ and η′ → ργ decays there is no 1
3
factor since η′ is spin zero.
Γ(η′ → ωγ) = g2η′→ωγ ·
(m2η′ −m2ω)3
32pi ·m3η′
(8)
Γ(η′ → ργ) = g2η′→ργ ·
(m2η′ −m2ρ)3
32pi ·m3η′
(9)
The corresponding decay constants are g2η′→ωγ = 0.0169841GeV
−2 and g2η′→ργ =
0.160804GeV −2
Finally, the coupling constants for ω and ρ mesons are the following:
cω = gη′→ωγ · gω→pi0γ = 0.0906816GeV −2 (10)
cρ = gη′→ργ · gρ→pi0γ = 0.101054GeV −2 (11)
6As we see, the coupling constants in this approach are only approximately the same, and
the discrepancy between them is of order ∼ 10%
2. Determination of the coupling constants assuming exact OZI.
In the limit of an exact OZI rule the coupling constants are connected by isospin factors
and the pseudoscalar mixing angle φP .
The current is jµ = 2
3
u¯γµu− 1
3
d¯γµd =
1
2
(u¯γµu− d¯γµd)︸ ︷︷ ︸
I=1
+
1
6
(u¯γµu+ d¯γµd)︸ ︷︷ ︸
I=0
.
Taking into account I(η′) = 0, I(ω) = 0, I(ρ) = 1, I(pi0) = 1. The isospin multiplyers
are:
I(η′ → ωγ → pi0γγ) = 1
6
· 1
2
=
1
12
I(η′ → ργ → pi0γγ) = 1
2
· 1
6
=
1
12
Consequantly, in this approach the coupling constants are exactly the same:
cOZIω = c
OZI
ρ = gρη′γ · gρpi0γ = gωη′γ · gωpi0γ = ( Ge√2g )2 · 13 · Sin[φP ],
, where G = 3g
2
4pi2fpi
, g ≈ 4.2, fpi ≈ 93MeV = 0.093GeV
(
Ge√
2g
)2 = (
e√
2g
3g2
4pi2fpi
)2 =
9g2
8pi3 · f 2pi
· α = 0.540012GeV −2
Nevertheless, the mixing angle is not uniquely defined.
We derived the mixing angle in our previous work [5] to be φP = 37.4
◦ ± 0.4◦.
In [6] the previous results on determination of the mixing angle in different ways are
summarized. They provide several values extracted in different ways:
φP = 44.2
◦ ± 1.4◦; 43.2◦ ± 2.8◦; 40.7◦ ± 3.7◦; 42.7◦ ± 5.4◦; 41.0◦ ± 3.5◦; 41.2◦ ± 3.7◦; 50◦ ±
26◦; 36.5◦ ± 1.4◦; 42.4◦ ± 2.0◦; 40.2◦ ± 2.8◦
In II B 2 the values of the coupling constants extracted in different ways are summarized.
We see, the coupling constants can vary up to ∼ 30% which can lead to a variation in
the predicted decay width up to ∼ 50%.
7TABLE I: Coupling constants
Coupling constant cω,η′→pi0γγ , GeV −2 cρ,η′→pi0γγ , GeV −2
Extracted from the known decays. 0.090682 0.101054
φP = 37.4
◦(from our previous work [5]) 0.109331 0.109331
φP = 44.2
◦ 0.125493 0.125493
φP = 43.2
◦ 0.123221 0.123221
φP = 40.7
◦ 0.117380 0.117380
φP = 42.7
◦ 0.122072 0.122072
φP = 41.0
◦ 0.118093 0.118093
φP = 41.2
◦ 0.118567 0.118567
φP = 50
◦ 0.137891 0.137891
φP = 36.5
◦ 0.107071 0.107071
φP = 42.4
◦ 0.121377 0.121377
φP = 40.2
◦ 0.116185 0.116185
C. Dynamical width of ρ - meson
The ω - meson is quite narrow and its peaks are clearly seen on a Dalitz plot, but ρ -
meson is wide, so we have to estimate the corrections due to the dependence of the width
of ρ - meson on energy.
The dependence of the width of ρ meson is dictated by the unitarity conditions [9].
Breit-Wigner function in the general form is:
f(s) =
1
sr − s− iρ(s) · g (12)
For a p -wave ρ ∼ p3, for the case of a scalar particle it would be ρ ∼ p1.
For the width of ρ -meson the following parametrization was used:
λ[x, y, z] = x2 + y2 + z2 − 2xy − 2yz − 2zx; (13)
p =
√
λ[s,m2pi,m
2
pi]
2
√
s
(14)
p0 =
√
λ[m2ρ,m
2
pi,m
2
pi]
2mρ
(15)
8FIG. 2: The ratio (Breit-Wigner function with a dynamical width of ρ-meson)/(Breit-Wigner
function with a constant width of ρ-meson)
R = 5GeV −1 −−− > interactionlength (16)
Γeffρ = Γρ(
p
p0
)3
mρ√
s
1 + p20 ·R2
1 + p2 ·R2 (17)
, where mpi - the mass of pi
0.
We see, the dynamical width of ρ meson can give only up to ∼ 5% contribution to the
Breit-Wigner function 2. So, it is irrelevant in our further investigation since the uncertainty
of the coupling constant is much larger.
D. Dalitz plots and decay widths predictions
Now we make theoretical Dalitz - plots of the decay and calculate the decay width.
The constraints on the boundaries of the Dalitz - plot are the following:(m
2
23)max = (
M2
η′+m
2
pi
2m13
)2 − (
√
(
m213+m
2
pi
2m13
)2 −m2pi −
M2
η′−m213
2m13
)2
(m223)min = (
M2
η′+m
2
pi
2m13
)2 − (
√
(
m213+m
2
pi
2m13
)2 −m2pi +
M2
η′−m213
2m13
)2
(18)
The decay width and the expression for 3-particle phase space are the following [10]:
dΓ =
(2pi)4
2Mη′
|A|2dR3
,
dR3 =
1
2
· 1
(2pi)9
pi2
4s
dm213dm
2
23
9.
, where the factor 1
2
comes from the fact that we have 2 identical γ-quants in the final
state.
Assuming the initial η′ to be at rest, we obtain:
dΓ =
1
2
· 1
256pi3M2η′
|A|2dm213dm223
After that, the integral is taken numerically. The points are randomly dropped on the
squares, [m213,m
2
23], since the integral is taken over the squares of Dalitz variables. The
points which don’t hit the Dalitz - plot are truncated.
After that the integral is replaced by a finite sum.
TABLE II: Coupling constants
Coupling constant The decay width Γ(η′ → pi0γγ), keV
Extracted from the known decays. 1.7
φP = 37.4
◦ 2.4
φP = 44.2
◦ 3.2
φP = 43.2
◦ 3.0
φP = 40.7
◦ 2.8
φP = 42.7
◦ 3.0
φP = 41.0
◦ 2.8
φP = 41.2
◦ 2.8
φP = 50
◦ 3.8
φP = 36.5
◦ 2.3
φP = 42.4
◦ 3.0
φP = 40.2
◦ 2.7
Consequently, we see, the prediction can significantly vary depending on the coupling
constant used:
Γ(η′ → pi0γγ) = 1.7− 3.8keV (19)
10
FIG. 3: Theoretical Dalitz plot with φP = 44.2
◦
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FIG. 4: Theoretical mass spectrum of pi0γ with φP = 44.2
◦
The theoretical Dalitz plot and mass spectrum of pi0γ are shown on the pictures 3, 4.
In order to understand our results better, we plot only the contribution of ω-meson, so
only the terms ∼ c2ω 5.
The contribution of ρ-meson only, so the terms ∼ c2ρ 6.
And finally, the contribution of ω − ρ interference which is ∼ cω · cρ 7.
If we split the decay width in the following way: Γtotal = Γω + Γρ + Γω−ρ︸︷︷︸
Interference ω−ρ
Their relative contributions are the following:
11
FIG. 5: Contribution of ω-meson only.
FIG. 6: Contribution of ρ-meson only.
Γω
Γtotal
≈ 75%
Γρ
Γtotal
≈ 5%
12
FIG. 7: Contribution of ω − ρ interference.
Γω−ρ
Γtotal
≈ 20%
As we see, the interference term is crucial in the area of a Dalitz plot outside the range
of ω meson.
III. COMPARISON WITH THE EXPERIMENT
In [1] the branching ratio was reported to be:
B(η′ → γγpi0)Incl. = (3.20± 0.07(stat)± 0.23(sys))× 10−3 (20)
Taking the value of the total width of η′ from PDG [8] we find the decay width:
Γ(η′ → pi0γγ) = 0.199MeV × 3.2× 10−3 ≈ 0.64keV (21)
Clearly, we see a tension between the observed value and our theoretical result.
13
FIG. 8: The vector-vector-pseudoscalar vertex.
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V. APPENDIX
Here we make an explicit calculation of the decay rate. We use a well-known vector-
vector-pseudoscalar vertexV.
Take amplitude squared takes the form
|A|2 = G2µναβµωpναf kβ · ρστδωρpσfτkδ
taking into account
αβγδ · αβµν = −2(δγµδδν − δγν δδµ)
Assuming that ω-meson is at rest, we obtain,
|A|2 = 2G2(p · q)2 = 2G2m2ωq2
dΓ =
1
3
· 1
2mw
|A|2 d
3ppi
(2pi)32Epi
d3q
(2pi)32q
(2pi)4δ4(P −
∑
p)
Calculate δ-function:
m2ω − 2q ·mω + q2 = q2 +m2pi ⇒ q0 =
m2ω −m2pi
2mω
14
Derivative in this point is:
1 +
q0√
q20 +m
2
pi
=
2m2ω
m2ω +m
2
pi
Finally, δ(mω − q −
√
q2 +m2pi) =
m2ω+m
2
pi
2m2ω
δ(q − m2ω−m2pi
2mω
).
Γ(ω → pi0γ) = 1
3
·G2|ω→pi0γ 4pi·2m
2
ω
2mω(2pi)2
·∫ q2·q2dq
2q·2
√
q2+m2pi
δ(mω−q−
√
q2 +m2pi) =
1
3
·G2|ω→pi0γ(mω4pi )J
The integral equals:
J =
∫
q3dq√
q2+m2pi
δ(mω − q −
√
q2 +m2pi) =
1
4
(m2ω−m2pi)3
m2ω(m
2
ω+m
2
pi)
· m2ω+m2pi
2m2ω
= (m
2
ω−m2pi)3
8m4ω
Finally, we obtain the result for the decay ω → pi0γ
Γ(ω → pi0γ) = 1
3
·G2ω→pi0γ
(m2ω −m2pi)3
32pi ·m3ω
(22)
For the decay ρ→ pi0γ we just have to replace ω → ρ.
For the decays η′ → ωγ and η′ → ργ we have to replace ω → η′, pi0 → ω and pi0 → ρ for
each of decay respectively. Also there is no 1
3
factor since η′ is a pseudoscalar particle.
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